Abstract. In this paper we discuss problems of stability of stationary motions of conservative and dissipative mechanical systems with first integrals. General results are illustrated by the problem of motion of a rotationally symmetric rigid body on a perfectly rough plane.
Application of the Routh-Salvadori theorem and its generalizations [1] [2] [3] [4] for investigation of stability of stationary motions of mechanical systems with first integrals 0 = 0 , 1 = 1 , . . . , = is reduced to study the type of stationary value of 0 (here 0 can be also a nonincreasing along system trajectories function) for fixed values of 1 , . . . , . The effective method of such investigation is proposed in [5] . This method does not take into account equations of motion of the considered system however it is supposed that all first integrals are known explicitly. On the other hand using results by I. M. Mindlin and G. K. Pozharitskii [6] it is possible to distinguish the systems [7] for which the stability analysis does not require the explicit form of all first integrals 1 = 1 , . . . , = , except 0 = 0 . Let equations of motion of a mechanical system have the following form (here T means transposition):
(1) We will assume that the positive definite ( × ) matrix ( ) and the scalar function ( , ) are two times differentiable functions of their arguments. Similarly, the ( × ) matrix ( ,˙, ) and ( × ) matrix Γ( , ) are (one time) differentiable functions of their arguments.
In particular, equations (1) can describe the motion of mechanical systems with quasicyclic coordinates (in this case and˙are position variables and velocities respectively and are generalized impulses or quasivelocities of quasicyclic coordinates).
Obviously, equations (1) possess the generalized energy integral
If the matrix Γ = Γ( , ) is zero-matrix, then equations (1) coincide with equations of conservative mechanical systems with cyclic coordinates described in Routh variables [1] and possess cyclic integrals
In this case sets of stationary points of the energy integral (2) on fixed levels of first integrals (3) correspond to the stationary motions of the form Stationary motions (4) form the family 0 of dimension more or equal than the number of cyclic coordinates. For such (Γ = 0) systems the Routh theorem can be formulated as follows [1, 2] . Theorem 1. If the function (the amended potential) has a strict minimum at the point ( 0 , 0 ) for the fixed values of integrals (3), then corresponding stationary motion (4) is stable.
Note that conditions of Theorem 1 are trivially fulfilled if all the eigenvalues of the matrix (
2

/
2 ) are positive at ( 0 , 0 ). In the general case (Γ ̸ = 0) system (1) also has the stationary motions (4), but in this case 0 and 0 are determined from the equations
Generally speaking these equations do not coincide with equations (5). Obviously, as in the case Γ = 0 stationary motions (4) form a family of dimension more or equal than the number of quasicyclic coordinates because for the determination of + unknown constants 0 and 0 we have equations (6) . Again we will denote this family by 0 .
The following theorem provides the sufficient conditions for stability of these motions [7] . Proof. Note that under conditions (8) the system × partial differential equations (9) = Γ with respect to unknown functions ( ) is completely integrable in some neighborhood of the point ( 0 , 0 ) (here > 0 is a small constant). Therefore in this neighborhood there is exists the family of solutions of the system (9) of the form
depending on arbitrary constants = ( 1 , . . . , ) T . Equations (10) are solvable with respect to these constants. Therefore system (1), in addition to the energy integral, possesses first integrals of the form (11) 1 ( , ) = 1 , . . . , ( , ) = and according to the definition of these integrals we have
Note that under condition (8) the matrix (7) is symmetric. If all the eigenvalues of this matrix are positive at the point (
. Therefore function ( , ) and integral (2) (since > 0 ∀˙̸ = 0) takes a strict minimum for the fixed values of integrals (11) on unperturbed motion and this motion is stable according to the Routh theorem [1, 2] .
Obviously both in the case Γ = 0 and in the case Γ ̸ = 0 the following theorem is valid.
Remark 1. Application of Theorem 2 for the investigation of stability of stationary motions (4) of the system (1) is connected with the investigation of eigenvalues of matrix (7) and requires the knowledge of function ( , ) and matrix Γ( , ) only; the explicit form of first integrals (11) (and also matrices ( ) and = ( ,˙, )) is not required. Note also that condition (6) for search the stationary values of integral (2) on fixed levels of integrals (11) does not require the knowledge of explicit form of these integrals. Moreover, equations (6) determine stationary motions (4) of system (1) even in the case, when these integrals are absent (i.e., when equations (8) (11)) or when for Γ ̸ = 0 we have dim = 1 (in this case, generally speaking, it is not possible to write the explicit form of integrals (11)).
Remark 3. For the fixed values of constants 0 both equations (5) If the considered mechanical system is subjected to (except the potential forces) dissipative forces = ( ,˙) corresponding to the position variables , then its equations of motion can be written as follows (12) 
In this case according to the definition of dissipative forces we have (3), this point is isolated from other stationary points of (if these points exist at all), then the corresponding to these parameters 0 , 0 stationary motion (4) of the system (12) is stable and under condition (13) every perturbed motion sufficiently close to the unperturbed tends asymptotically as → +∞ to some stationary motion (4) of the family 0 ; in particular, if the constants 0 = 0 of integrals (3) remain unperturbed, then the unperturbed motion is asymptotically stable. 2 ) has negative eigenvalues at (
Theorem 6. If all the eigenvalues of the matrix (7) are positive at ( 0 ,
Example 1. Let us consider the problem of motion of a rotationally symmetric rigid body on a fixed perfectly rough horizontal plane. Suppose that the center of mass of the body is situated on the symmetry axis , and moments of inertia about principal axes of inertia and perpendicular to are equal to each other. The body moves in presence of the homogeneous gravity field. Denote by the contact point of the body with the supporting plane. Let be the fixed coordinate frame with the origin in the supporting plane and the axis directed upwards. Denote the angle between the symmetry axis of the body and the vertical by , the angle between the meridian of the body and a certain fixed meridian plane by and the angle between the horizontal tangent of the meridian and the axis by . The position of the body is completely determined by the angles , and and the and coordinates of the point .
Let us specify now the position of the coordinate system . Suppose that the axis is always situated in the plane of vertical meridian while the axis is perpendicular to this plane (Figure 1 ). In this case the coordinate system moves both in the space and in the body. Denote the components of velocity v of the center of mass in the coordinate system by , , and the components of the angular velocity vector of the body and the angular velocity Ω of the trihedron by , , and Ω , Ω , Ω respectively. Then we have the following obvious equation for the component :
Let be the mass of the body, 1 be its moment of inertia about axes and , and 3 be its moment of inertia about the symmetry axis. Note that the Figure 1 .
distance of the center of mass over the plane is a function of angle , i.e., = ( ) [8] . Denote by , , the coordinates of the point of contact of the body with the supporting plane in the coordinate system . Then = 0 and
where ( ) ′ is a derivative of function ( ) with respect to [8] . Thus we can completely characterizes the shape of the moving body using the function ( ). Since the axis is fixed in the body, then Ω = , Ω = = −˙. The plane is always vertical, i.e., the projection of the angular velocity Ω of the axes on − − → equals to zero, therefore Ω = Ω cot . Since the body moves without sliding then
and for three unknown functions , and we have closed system of equations [8] (15)
If we introduce the following notations
then the system (15) can be rewritten in the form
Thus, the system (15), describing motion of a heavy rigid rotationally symmetric body on a perfectly rough horizontal plane has a form of the system (1). Since in this case we have only one position variable and Γ 1 ̸ = 0, Γ 2 ̸ = 0, then all the conditions of Theorem 2 are valid for the system (15). Stationary motions of the body of the form (4)
are determined from the equation
and form a two-dimensional family.
In the explicit form equation (17) may be written as follows
Analysis of the sign of expression on the stationary motion (16) provides the sufficient condition of stability of this motion with respect to ,˙, 1 and 2 in the form
It is possible to prove [7] , when the condition (18) is not valid, the stationary motion (16) is unstable.
According to Theorem 5 the obtained results retain their validity when the considered system is subjected to the dissipative force ( ,˙), corresponding to the position variable . Moreover if the condition ( ,˙)˙< 0, ∀˙̸ = 0 is valid then under condition (18) the stationary motions (16) are asymptotically stable with respect to variableṡ
Example 2. Let us consider a particular case of the previous example, when the rotationally symmetric body, moving on a fixed perfectly rough plane, is a circular disk of a radius [9] [10] [11] [12] . Let be the mass of a disk, 1 = 2 and = 1/4 and in a case of a hoop we have = 1/2. Then = sin and according to (14) we get = − , = 0. System (15) will take the form (19) ( + 1)¨= −g cos + 2 cot − (2 + 1) ,
If we denote again = 1 and = 2 , then the stationary motions (16) of a disk are determined from the equation Note that in the considered problem system (19) can be solved with respect to = 1 and = 2 . The corresponding solution has the form:
Here c 1 and c 2 are arbitrary constants and ( , , 1; ) is the Gauss hypergeometric function with the parameters and satisfying the equation [9] .
It is easy to see that for each fixed equation (22) defines a second order curve. By analyzing its invariants we proved that for ̸ = /2 this curve is a hyperbola and for = /2 it is a pair of straight lines. These straight lines are defined by the equations 1 = 2 and 1 = − 2 and correspond to the two single parametric subfamilies of stationary motions of a disk of the form (for more details see [9, 10] ). Condition (18) for stability of stationary motions of a disk can be written in the dimensionless form as follows For each fixed the boundary of region of stability is also a second order curve. By analyzing its invariants we proved that for > 1/ √ 3 − 1/2 this curve is an ellipse with the origin at 1 = 0, 2 = 0. The stable region is outside this ellipse and the unstable region is within it. Thus we can give a geometric interpretation for conditions of existence and stability of stationary motions of a disk [11, 12] . Obviously, the stationary motions of a disk corresponding to the points of the hyperbola lying outside the ellipse are stable (Figures 6 and 7) . If for a fixed = 0 the hyperbola and the ellipse do not intersect then the stationary motions corresponding to 0 are stable independently of 1 and 2 ( Figures 6 and 7) .
Conditions of existence (22) and stability (25) of stationary motions (16) of a disk have been analyzed in [11, 12] . In particular, it was shown [11, 12] In particular, for a homogeneous disk ( = 1/4) we have cos 2 > 25 − 9 √ 5 38 ≈ 0.102, * ≈ 1.2457
For a hoop ( = 1/2) we have
≈ 0.108, * ≈ 1.2356.
For other values of stationary motions (16) will be stable if the absolute value of 1 exceeds a certain critical value. The explicit expression of this critical value is very complicated and we omit it here. The results obtained in [11, 12] are in completely agreement with bifurcation diagrams presented in [9, 10] and here.
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